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Abstract
We introduce the Quantum Holonomy-Diffeomorphism ∗-algebra,
which is generated by holonomy-diffeomorphisms on a 3-dimensional
manifold and translations on a space of SU(2)-connections. We show
that this algebra encodes the canonical commutation relations of canon-
ical quantum gravity formulated in terms of Ashtekar variables. Fur-
thermore, we show that semi-classical states exist on the holonomy-
diffeomorphism part of the algebra but that these states cannot be
extended to the full algebra. Via a Dirac type operator we derive a
certain class of unbounded operators that act in the GNS construction
of the semi-classical states. These unbounded operators are the type
of operators, which we have previously shown to entail the spatial 3-
dimensional Dirac operator and Dirac Hamiltonian in a semi-classical
limit. Finally, we show that the structure of the Hamilton constraint
emerges from a Yang-Mills type operator over the space of SU(2)-
connections.
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1 Introduction
In the quest for a quantum theory of gravity the choice of an algebra, which
in one way or another involves the quantum variables of general relativity,
is a pivotal first step. In the present situation, where direct experimental
verification is beyond reach, it is our belief that one must search for an al-
gebra with a high degree of canonicity and naturalness.
In this paper we present a ∗-algebra, which displays a high degree of
both canonicity and naturalness. The algebra, which can be understood as
a quantum mechanics on a space of connections, involves two sets of vari-
ables: a choice of functions over the space of connections and translations
hereon. The functions are the holonomy-diffeomorphisms of a 3-dimensional
manifold – encoding how objects are moved in space – and the interaction
between these holonomy-diffeomorphisms and the translation operators en-
codes the quantized commutation relations of general relativity formulated
in terms of Ashtekar variables [1, 2].
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We call this algebra the Quantum Holonomy-Diffeomorphism (QHD)
algebra and a theory based on this algebra for Quantum Holonomy Theory.
In terms of canonicity, the QHD algebra is canonical up to the dimension
of the manifold M , which we set equal to three, and up to a choice of gauge
group, where our choice of SU(2) partly follows from the dimension of M .
The translation operators are canonical.
In terms of naturalness, we believe that an algebra generated by holonomy-
diffeomorphisms is the single most natural object to consider when attempt-
ing to quantize gravity, since this algebra encodes how diffeomorphisms act
on spinors. Furthermore, adding a ’quantum’ to the algebra of holonomy-
diffeomorphisms, and thereby constructing a quantum mechanics on a space
of connections, is not only canonical but also an exceedingly natural thing to
do. Such a construction automatically includes the commutation relations
of canonical quantum gravity.
With this algebra at hand a natural next step is to search for states
and to apply the GNS-construction in order to obtain a Hilbert space rep-
resentation. Using lattice approximations we show that a state exist on the
first part of the algebra – the holonomy-diffeomorphisms – but that such a
state cannot be extended to the full QHD-algebra. It is therefore not clear
whether states on QHD exist. We find, however, that there exist another
class of unbounded operators, which act in the GNS construction of this
state. We find these additional operators via an auxiliary Dirac type oper-
ator: they emerge from the second commutator of the Dirac type operator
with elements in the holonomy-diffeomorphism algebra. It turns out that
these operators are the type of operators, which we have previously shown
to entail the spatial 3-dimensional Dirac operator and Dirac Hamiltonian in
a semi-classical analysis, see [3]-[8] (see also [9]-[12] for earlier versions).
Furthermore, we find that the states on the holonomy-diffeomorphism
algebra will always be semi-classical. This means that each semi-classical
approximation provides a different kinematical Hilbert space and that no
other type of kinematical Hilbert space appear to exist.
Finally, with the auxiliary Dirac type operator, we can write down one-
forms and curvature operators. A simply computation shows that the struc-
ture of the Hamiltonian for General Relativity - formulated in terms of
Ashtekar variables - emerges from the square of such a curvature operator.
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This paper is organized as follows: In section 2 we first introduce the
Holonomy-Diffeomorphism (HD) algebra, which was first described in [13,
14]. We then introduce translations on the space of SU(2) connections and
define the Quantum Holonomy-Diffeomorphism algebra in section 2.2. In
section 2.3 we show that this algebra encodes the canonical commutation
relations of canonical quantum gravity. Section 3 is concerned with the
possibility of construction semi-classical states on the QHD algebra via an
infinite sequence of lattice approximations. Section 3.1 and 3.2 present the
setup and in section 3.3 we confirm that a state exist on the HD-part of the
algebra and that this state cannot be extended to the full algebra. In section
4 we introduce an auxiliary construction with a Dirac type operator, which
leads to a class of unbounded operators that act in the GNS construction of
the semi-classical state. In section 5 we provide a simple computation that
shows that the structure of the Hamiltonian of General Relativity emerges
in a semi-classical limit from a curvature operator built from the auxiliary
Dirac type operator. Finally, we conclude in section 6.
2 The Quantum Holonomy-Diffeomorphism alge-
bra
The first task is to introduce the Holonomy-Diffeomorphism algebra. This
algebra was first described in [13, 14], where its spectrum was also analyzed.
2.1 The Holonomy-Diffeomorphism algebra
Let M be a connected 3-dimensional manifold. We consider the two dimen-
sional trivial vector bundle S = M ×C2 over M , and we consider the space
of SU(2) connections acting on the bundle. Given a metric g on M we get
the Hilbert space L2(M,S, dg), where we equip S with the standard inner
produkt. Given a diffeomorphism φ : M →M we get a unitary operator φ∗
on L2(M,S, dg) via
(φ∗(ξ))(φ(m)) = (∆φ)(m)ξ(m),
where ∆φ(m) is the volume of the volume element in φ(m) induced by a
unit volume element in m under φ.
Let X be a vectorfield on M , which can be exponentiated, and let ∇ be
a SU(2)-connection acting on S. Denote by t→ expt(X) the corresponding
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Figure 1: An element in HD will parallel transport a vector on M along the
flow of a diffeomorphism.
flow. Given m ∈M let γ be the curve
γ(t) = expt(X)(m)
running from m to exp1(X)(m). We define the operator
eX∇ : L
2(M,S, dg)→ L2(M,S, dg)
in the following way: we consider an element ξ ∈ L2(M,S, dg) as a C2-valued
function, and define
(eX∇ξ)(φ(m)) = ((∆ exp1)(m))Hol(γ,∇)ξ(m).
Here Hol(γ,∇) denotes the holonomy of ∇ along γ. Again, the factor
(∆ exp1)(m) is accounting for the change in volumes, rendering e
X
∇ uni-
tary.
Let A be the space of SU(2)-connections. We have an operator valued
function on A defined via
A 3 ∇ → eX∇ .
We denote this function eX .
Denote by F(A,B(L2(M,S, dg))) the bounded operator valued functions
over A. This forms a C∗-algebra with the norm
‖Ψ‖ = sup
∇∈A
{‖Ψ(∇)‖}, Ψ ∈ F(A,B(L2(M,S, dg)))
For a function f ∈ C∞c (M) we get another operator valued function feX
on A.
5
Definition 2.1.1 Let
C = span{feX |f ∈ C∞c (M), X exponentiable vectorfield }.
The holonomy-diffeomorphism algebra HD(M,S,A) is defined to be the C∗-
subalgebra of F(A,B(L2(M,S, dg))) generated by C.
We will often denote HD(M,S,A) by HD when it is clear which M , S,
A is meant. We will by HD(M,S,A) denote the ∗-algebra generated by C.
It was shown in [14] that the HD(M,S,A) is independent of the chosen
metric g.
2.2 The Quantum Holonomy-Diffeomorphism algebra
Let su(2) be the Lie-algebra of SU(2). It is well-known that two con-
nections in A differs by an element in Ω1(M, su(2)), and that for ∇ ∈ A
and ω ∈ Ω1(M, su(2)), ∇ + ω defines a connection in A. Thus a section
ω ∈ Ω1(M, su(2)) induces a transformation of A, and therefore an operator
Uω on F(A,B(L2(M,S, g))) via
Uω(ξ)(∇) = ξ(∇− ω).
Note that U−1ω = U−ω.
Definition 2.2.1 Let us first denote by QHD(M,S,A) the sub-algebra of
F(A,B(L2(M,S))) generated by HD(M,S,A) and all the operators Uω, ω ∈
Ω1(M, su(2)). We will often denote QHD(M,S,A) by QHD when it is
clear, which M , S, A is meant. We call QHD the Quantum-Flow algebra
or the Quantum Holononomy-Diffeomorphism algebra.
We note that we have the relation
(Uωfe
XU−1ω )(∇) = feX(∇+ ω), (1)
where f ∈ C∞c (M). However QHD is not a cross product of HD with
the additive group Ω1(M, su(2)), since the function of operators given by
∇ → eX∇+ω need not be in HD.
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2.2.1 The infinitesimal QHD algebra
To get closer to the formulation of the holonomy-flux-algebra3 and canonical
quantization of gravity (see [3] for setup and notions) we need the infinites-
imal version of Utω. We simply do this by formally defining
Eω =
d
dt
Utω|t=0.
Due to the relation (1) we get
[Eω, e
X
∇ ] =
d
dt
eX∇+tω|t=0. (2)
Thus the infinitesimal version of the Quantum Holonomy-Diffeomorphism
algebra is generated by the flows and the variables {Eω}ω∈Ω(M,T ). We de-
note this algebra by dQHD.
We note, that
Eω1+ω2 = Eω1 + Eω2 .
This follows, since the map Ω1(M, su(2)) 3 ω → Uω is a group homomor-
phism, i.e. U(ω1+ω2) = Uω1Uω2 .
To see the connection to the holonomy-flux algebra let us analyze the
righthand side of (2). First we introduce local coordinates (x1, x2, x3). We
decompose ω: ω = ωji σjdx
j . Due to the additive property of Eω and that
the action of C∞c (M) commutes with Uω we only have to analyze an ω of
the form σidx
j . For a given point p ∈M choose the points
p0 = p, p1 = e
1
n
X(p), . . . , pn = e
n
n
X(p)
on the path
t→ etX(p), t ∈ [0, 1].
We write the vectorfield X = Xk∂k. We have
eX∇+tω
= lim
n→∞(1 +
1
n
(A(X(p0) + tσiX
j(p0)))(1 +
1
n
(A(X(p1)) + tσiX
j(p1)))
· · · (1 + 1
n
(A(X(pn) + tσiX
j(pn)),
3By the holonomy-flux algebra we refer to the algebra used in Loop Quantum Gravity,
see [15].
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where ∇ = d+A, and therefore
d
dt
eX∇+tω|t=0 (3)
= lim
n→∞
( 1
n
σiX
j(p0)(1 +
1
n
A(X(p1))) · · · (1 + 1
n
A(X(pn)))
+(1 +
1
n
A(X(p0)))
1
n
σiX
j(p1)(1 +
1
n
A(X(p2))) · · · (1 + 1
n
A(X(pn)))
+
...
+(1 +
1
n
A(X(p0))))(1 +
1
n
A(X(p2))) · · · (1 + 1
n
A(X(pn−1))
1
n
σiX
j(pn)
)
We see that before taking the limit limn→∞ this is just the commutator
of the sum of the flux operators
∑
k
1
nX
j(pk)F
Sk
i , where Sk is the plane
orthogonal to the Xj-axis intersecting pk, and the holonomy operator of the
path
t→ etX(p), t ∈ [0, 1],
see figure 2.
It follows that Eσidxj is a series of flux-operators F
S
i sitting along the
path
t→ etX(p), t ∈ [0, 1],
where the surfaces S are just the planes othogonal to the xj direction. But
since there is infinitely many of them, they have been weighted with the
infinitesimal length, i.e. with a dxj , see figure 2. We can formally write
Eω =
∫
FSi dx
i.
Note that the phenomenon from the holonomy-flux-algebra, that a path p
running inside a surface S, has zero commutator with the corresponding flux
operator is encoded in the quantum-flow-algebra, since the tangent vectors
of p will be annihilated by the differential form dxj .
2.3 The canonical commutation relations
We can also make the holonomies infinitesimal, in order see the canonical
commutation relations of General Relativity. In the following we scale the
translation operators Uω → Uκω, where κ = 8piG/c3. Let us first introduce a
coordinate system (x1, x2, x3). We have the vectorfields ∂i, and we consider
the operator
d
ds
es∂j |s=0.
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Figure 2: The operator Eσidxj will, when it is commuted with a flow, insert
Pauli matrices continuously along the course of the flow. This means that
it acts as a sum of flux operators with surfaces, which intersect the flow at
the points of insertion.
We note that if the local connection one form of ∇ is Ajiσjdxi we have
(
d
ds
es∂j |s=0)(ξ(x,∇)) = σiAij(x)ξ(x,∇).
We therefore consider the operator δx
d
dse
s∂j |s=0, where δx is the delta func-
tion located in x, as the operator σiA
j
i (x) located in x.
On the other hand consider ω = σldx
k. We get
[Eσldxk , σiA
i
j(x)](∇)
= δx
d
ds
[Eσldxk , e
s∂j ]|s=0(∇) = κδx d
ds
d
dt
es∂j∇+tσldxk |t=0|s=0
= κδx
d
ds
d
dt
(1 + s(Aijσi + tσlδ
k
j ))|t=0|s=0 = κσlδkj δx .
If
fy(x) =
{
1 x = y
0 x 6= y
we can therefore consider the operator fyEσldxk as Eˆ
k
l (y) since then
[Eˆkl (y), σiA
i
j(x)] = κσlδ
k
j δ(x− y), (4)
which is the quantized canonical commutation relation of General Relativity
formulated in terms as Ashtekar variables.
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...
Figure 3: The lattice approximation is associated to an infinite system of
nested cubic lattices.
All together these results show that the algebras QHD and dQHD
are intimately related to canonical quantum gravity since they are simply
the algebras from which the infinitesimal operators forming the canonical
commutation relations originate.
3 Representing HD, QHD and dQHD
Once the Quantum Holonomy-Diffeomorphism Algebras QHD and dQHD
are defined the interesting question arises whether representations of these
algebras exist. Since we have just demonstrated that these algebras entail
the quantized commutation relations of General Relativity, the task of find-
ing representations is equivalent to finding a kinematical Hilbert space. The
following section is devoted to this question.
3.1 Lattice formulation
The key tool is to formulate everything in terms of sequences of lattice
approximations. This idea and technique was developed in [13] for the
holonomy-diffeomorphism algebra HD and can be extended to QHD and
dQHD straight forwardly.
In the lattice formulation an element in HD is represented by an infinite
family of operators acting in increasingly accurate lattice approximations
associated to an infinite system {Γn} of nested cubic lattices, see figure
3. This system of lattices corresponds to a coordinate system and thus the
lattice formulation of HD can also be understood as a coordinate dependent
formulation.
Here we shall not give details on how the continuum limit of the lattice
approximations – manifolds, operator algebras, Hilbert spaces – is taken but
simply refer the reader to [13].
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Figure 4: Sketch of a flow fF and its lattice approximation fF. Each of the
red paths are elements in F.
Thus, we begin with a single finite cubic lattice Γn with vertices and
edges denoted by {vi} and {lj}. We assign to each edge vi a copy of a
compact Lie group G
∇(lj) = gj ∈ G
and obtain the space
An = G|l|
where |l| is the number of edges in Γn. An is an approximation of the space
of connections A and the map ∇ should be understood as an approxima-
tion of a connection in A. In the following G will equal SU(2) since this is
the Lie group relevant when considering Ashtekar variables. We emphasize,
however, that the construction works for other groups too.
An element feX in HD is approximated by a finite family of oriented,
weighted paths in Γn, denoted by fF, see figure 4. Here F denotes a family
{pi} of paths in Γn, where each pi is a sequence of adjacent edges
pi = {li1 , . . . , lin} ,
and f denote a corresponding set of weights assigned to each edge in F (see
[13] for details). This lattice approximation of HD is denoted by HDn.
With the space An we automatically have the Hilbert space L2(An) via
the Haar measure on G. We will, however, need more structure in order
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to construct a representation of HDn and therefore introduce the Hilbert
space
Hn = L2(An,C2)× C|l|
where a representation of an element fF in HDn acts by multiplying the C2
factor in Hn with the parallel transports
∇(pi) = ∇(li1) · . . .∇(lin) , pi ∈ F ,
and by acting on the C|l| factor with F as an |l| × |l|-matrix in the sense
that each path in F shifts lattice points according to its start and end-
points. Thus, an example of a representation of an element fF in HDn as
an operator in Hn could be:
1 . . . 0
...
. . .
...
0 . . . 1
. . .
0 ∇(p1) ∇(p2)
0 0 ∇(p3)
0 0 0
. . .
1 . . . 0
...
. . .
...
0 . . . 1

where F involves4 the three paths {p1, p2, p3}.
The additional C|l| factor in Hn corresponds in the continuum limit to
a tensor product with L2(M). Thus, in this limit the inner product in Hn
involves an integral over M .
3.2 Approximation of the translation operator Eω
In [13] we only presented lattice approximations of the HD algebra. In
order to obtain lattice approximations of QHD and dQHD we also need
to define the operators Eω and Uω on the lattice.
4In order to ease the notation we have not assigned weights to the paths in this example.
If there had been weights these would have appeared as numbers multiplied the ∇(pi)’s.
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To do so we first choose a left and right invariant metric 〈·, ·〉 on G. Let
gi be the Lie algebra of the i’th copy of G and choose an orthonormal basis
{eai } for gi with respect to 〈·, ·〉. Here the index i labels the different copies
of G while a is an index for the Lie algebra of G. We also denote by {eai } the
corresponding left translated vector fields and by Leai the derivation with
respect to the trivialization given by {eai }. There is then a natural candidate
for a lattice approximation of Eω given by
Eω,n = 2
−nκ
∑
i,a
ωai Leai ⊗ 1|l|×|l|
where ωai here denotes the value of ω evaluated at the start-point of the
edge li and where the sum runs over all edges in the lattice and over all
g-indices. One can easily check that the commutator between Eω,n and a
parallel transport ∇(pi) has the same structure as the commutator between
the operator Eω and an element in HD, see equation (3). Likewise, in
[8] we have shown that the commutator between the vector-field Leai and∇(pi) reproduces the structure of the Poisson bracket of general relativity
formulated in terms of Ashtekar variables, the bracket, which we also found
in (4).
For the lattice approximation of the translation operator Uω one can
expect to simply exponentiate the operator Eω,n.
The convergence conditions for the operator Eω,n and its exponentiation
are identical to convergence conditions for operators in HD defined in [13]
and shall not be given here.
3.3 Conditions on lattice states
We are now ready to write down necessary conditions for states on HD and
dQHD. Consider first a lattice approximation Γn and a vector state ξn in
Hn
ξn = Π
|l|
i=1ξ(n,i) ⊗ ηn
where ξ(n,i) is function on the i’th copy of G in An, and ηn is a C2-valued
function on the set of vertices in Γn (When n → ∞ the function ηn corre-
sponds to a C2-valued function η on M). Denote by ξ the limit state given
by an infinite sequence {ξn}n∈N+ . The necessary conditions for ξ to be a
state on HD and dQHD are the following
1. 〈ξ(n,i)|∇(li)|ξ(n,i)〉 = 1 +O(dx)
2. 〈ξ(n,i)|Lei1Lei2 · . . . · Leim |ξ(n,i)〉 = O(dx2m) , ∀m , in ∈ {1, 2, 3}
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where dx = 2−n.
Condition 1. ensures the the expectation value of a parallel transport
∇(p) will converge in the limit n→∞. This condition is easily satisfied and
we may therefore use the GNS construction to obtain the Hilbert space Hξn
and its limit Hξ. Furthermore, we may write
〈ξ(n,i)|∇(li)|ξ(n,i)〉 = 1 + dx(A(n,i) + tB(n,i)) (5)
where A(n,i) is the self-adjoint component, B(n,i) the remainder and t a for-
mal parameter. If we let t play the role of a quantization parameter we see
that the states on HD constructed this way will always be semi-classical
with A being the classical point and B the quantum correction.
Condition 2. ensures that the expectation value of the translation oper-
ators Eω,n and all polynomials thereof will converge in the limit n → ∞.
However, we strongly expect that this condition can never be satisfied si-
multaneous with condition 1, since condition 1. ensures, that the state is
peaked around the identity of the group, whereas the second condition more
or less gives that the state is constant.
To sum up, we make the following conclusions:
1. There is a state ξ on HD and by the GNS construction a Hilbert space
Hξ. Also, the state ξ will always be a semi-classical state.
2. There are, within the framework of lattice approximations, no states
on dQHD. The infinitesimal translation operators Eω are not well
defined operators in Hξ.
Whether the negative result regarding states on dQHD and QHD ap-
plies only to states constructed via lattice approximations or whether it is
generic – that no states exist on QHD and dQHD – is not clear. We are
inclined to believe it is generic, but further analysis is needed in order to
give a definite answer.
4 Unbounded operators via the state ξ
In order to proceed we now ask the following question: what physically
significant unbounded operators can we define via a GNS-construction with
state ξ? It may be that there exist a sub-algebra in dQHD or some related
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algebra, including and larger than HD, on which we can use ξ to define a
GNS-representation.
It turns out that such operators do appear to exist and that exactly these
operators are very significant from a physical perspective. The following
section deals with this question.
4.1 A Dirac type operator
To find unbounded operators acting in Hξ we shall define a Dirac-type op-
erator and analyze its commutators. We therefore return to the lattice
approximation and the operator Eω,n. We first add an additional factor to
the Hilbert space Hn
H′n = L2(An, Cl(T ∗An)× C2)× C|l|
where Cl(T ∗An) is the Cliford algebra over the co-tangent space over An.
This enables us to turn Eω,n into a Dirac-type operator over the space An
by substituting ω in Eω,n with an element of the Clifford algebra:
Eω,n
ω→e−→ Dn = 2−nκ
∑
i,a
eai · Leai ⊗ 1|l|×|l|
where we by eai also denote the element of Cl(T
∗An) that corresponds to the
left-translated vector field eai and where ’·’ denotes Clifford multiplication.
The operator Dn is essentially the Dirac type operator, which we studied in
the papers [3]-[8] .
Here, however, we shall require a different presentation of the Clifford
algebra, which means that we shall assume that the Clifford elements fullfill
the following relation
{eai , ebj} = 2nδabδij . (6)
This means that the anti-commutator, in the large n limit, will approach
a one-dimensional delta function. Of course, if fai denotes the standard
generators, we get the above generators via eai = 2
n
2 fai .
Next, define the operation δn, which consist of taking the commutator
with Dn
δnan := [an, Dn] , an ∈ B(H′n)
where the commutator is graded. One can check that for an ∈ HDn δnan
will be a sum over insertions in an of the form
2−nκσaeaj
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where j now labels the point of insertion in an. We now consider the second
commutator
δ2nan = [Dn, [Dn, an]]
and find that this expression will be a sum of insertions of the form
2−nκσaLeaj . (7)
From this we can conclude that δ2nan descends, in the limit n → ∞, to a
well defined operator in Hξ, which we denote δ2a where a is an element in
HD.
The reason why δ2nan descents to a well defined operator using ξ is that
the factor 2−n is exactly the factor required for a sequence of insertions in an
to converge in the n→∞ limit. This explains why we needed to introduce
a scaled version of the Clifford algebra in (6).
We shall here not concern ourselves with the question of what role the
Dirac type operator Dn plays in the n → ∞ limit. In fact, one may com-
pletely ignore the Dirac type operator construction and just use the form of
the insertions (7) to define the operator δ2nan without any reference to the
previous analysis. It is, however, our belief - also in the light of the material
of the next section - that the Dirac type operator is of significance.
The operators δ2nan are very interesting seen from a physical perspective.
The quantity
κσagjLeaj ,
which arises in δ2nan, is the type of operator that we found in [3]-[8] to
entail the spatial 3-dimensional Dirac operator in a combined continuum
and semi-classical limit. To obtain this result one must put conditions on
the expectation value of the vector-fields. Here we shall not give the details
of how this works, but simply conclude that the unbounded operators, that
we have just identified, are the type of operators, which entail spatial Dirac
operators in a semi-classical limit.
5 On the dynamics of GR
Let us now proceed by analyzing higher orders of δn. In this subsection we
shall only be concerned with the general structure and leave the details to
be worked out in a later publication.
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Consider first a one-form5
Bn = a0δna1 , a0, a1 ∈ HDn ,
where we shall assume that a0 and a1 connect adjacent vertices in Γn. Thus,
a0 and a1 corresponds to elements in HD, which are infinitesimal with
respect to the manifold M . Also, consider the operator
δnBn
where we find that the lowest order entries (with respect to factors of 2−n)
in δnBn are of the form
2−nκLebkgiσ
agj{eaj , ebk} = κLeaj giσagj .
Let us now consider the square of δnB
δnBn(δnBn)
∗ ,
which represents a curvature operator over the space An. We find that the
only terms of significance are of the form
κ2Leaj gigjσaσbgkglLebk .
Here it is important to notice that the two derivatives will be associated to
adjacent edges. If we take the expectation value of this quantity (again: we
ignore the 2±n factors)
lim
n→∞ limκ→0
〈ξn|δnBn(δnBn)∗|ξn〉 ∼
∫
M
d3x
(
η(x)|Ema (x)Enb (x)F cmn(x)|η(x)
)
(8)
where we assumed a condition on the expectation value of the vector field
lim
κ→0
〈ξ(n,i)|κLeai |ξ(n,i)〉 ∼ iEma (x)
where x is the endpoint of the i’th edge in Γn and where m is its spa-
tial orientation, m ∈ {x, y, z} and where Ema (x) is a densitized triad field.
Furthermore, F is the curvature of the connection A and we assume that
the four different group elements gi, gj , gk, gl are associated to a sequence of
edges {li, lj , lk, ll} which form a closed loop.
5In the terminology of noncommutative geometry, Bn is a connection one-form over
the (approximate) space An of connections.
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Of course if we wanted an expression like∫
M
d3x
(
Ema (x)E
n
b (x)F
c
mn(x)
ab
c
)
,
one would get this by taking a partial trace of δnBn(δnBn)
∗, i.e. something
like
lim
n→∞ limκ→0
〈ξn|TrB(C2)(δnBn(δnBn)∗)|ξn〉,
by letting the trace act diagonally in C2 and letting the spinor-field η be
constant equal to (1, 0).
The rhs of equation (8) has the structure of the Hamiltonian of General
Relativity formulated in terms of Ashtekar variables. Thus, this compu-
tation suggest that the dynamics of General Relativity emerges from the
positive definite operator δnBn(δnBn)
∗ representing the curvature on the
space of connections.
6 Conclusion
We have introduced the Quantum Holonomy-Diffeomorphism Algebra and
shown that it encodes the canonical commutation relations of quantum
gravity formulated in terms of Ashtekar variables. We have argued that
a state built over an infinite sequence of lattice approximations exist on
the Holonomy-Diffeomorphism part of the algebra, and that this state can-
not be extended to the full algebra. Furthermore, we have argued that a
certain class of unbounded operators, that act in the GNS construction of
this state, does exist. These unbounded operators are exactly the type of
operators, which we have previously analyzed and found to entail a clas-
sical 3-dimensional Dirac operator in a semi-classical limit. We find these
states via a construction that involves a Dirac type operator over the space
of connections. Finally, a simple computation shows that the structure of
the Hamiltonian of General Relativity emerges from a curvature operator
constructed via this Dirac type operator.
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